
ISRAEL JOURNAL OF MATHEMATICS, Vol. 31, Nos. 3-4, 1978 

POLYNOMIALS OVER DIVISION RINGS 

BY 

S. A. AMITSUR AND LANCE W. SMALL t 

ABSTRACT 

Let D be a division ring with a center C, and D[X....,XN] the ring of 
polynomials in N commutative indeterminates over D. The maximum number 
N for which this ring of polynomials is primitive is equal to the maximal 

transcendence degree over C of the commutative subfields of the matrix rings 
M. (D), n = 1 , 2 , . . . .  The ring of fractions of the Weyl algebras are examples 
where this number N is finite. A tool in the proof is a non-commutative version 

of one of the forms of the "Nullstellensatz", namely, simple D[X...., Xm]- 
modules are finite-dimensional D-spaces. 

I. Introduction 

Although there is a rich literature about polynomials in many (commuting) 

variables over commutative fields, and the polynomial ring in one variable over 

non-commutative division rings, there is relatively little known about the 

polynomial ring in several variables over a non-commutative division ring. In 

this paper we shall study two aspects of such polynomial rings. 

First, we shall prove a "Nullstellensatz" for these rings. That is, if D is an 

arbitrary division ring then simple (one-sided) D[X1,...,X,]-modules are 

finite-dimensional vector spaces over D. Here, D [ X , - - - ,  X,] is the polynomial 

ring in n commuting variables over D. 

Second, we shall use this result to study the primitivity of these polynomial 

rings. It has been known for many years that if D is a division ring containing an 

element not algebraic over its center then D[X1] is primitive. Herstein, in 

conversation, asked whether the primivitivity of D [X~] "forced" the primitivity 

of the polynomial rings D [Xh ' "  ", X, ]. Using a criterion for primitivity follow- 

ing from the Nullstellensatz and results of Richard Resco [3], we shall construct 

division rings, D °~, j a positive integer, such that D [ X , .  •., Xj] is primitive, but 

D [X1,-- -, X~ ] is not primitive for k > j. 
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T h r o u g h o u t  this p a p e r  all rings will have  unit e lements ,  all modules  will be  left 

modules  and all one-s ided  condi t ions  will be on the left. If R is a ring then C ( R  ), 

or C when there  is no ambigui ty ,  will deno te  the center  of R. R [X,,  • • . ,  X ,  ] will 

be  the po lynomia l  ring in n c o m m u t i n g  inde te rmina tes  X~, • • •, X,,  ove r  R. T h e  

left ideal gene ra t ed  by r R will be  (r). Finally, if R is a ring, then Mn ( R )  will 

deno te  the n × n matr ices  ove r  R. 

2. The Nullstellensatz 

We prove  

THEOREM 1. I f  D is a division ring, then simple D [ X I , . . .  , X , ] - m o d u l e s  are 

f ini te-dimensional  vector spaces over D. 

The  proof  of T h e o r e m  1 is p receded  by three  lemmas .  

LEMMA A. Let D be a division ring and 0 ~ p ( t ) E  D It].  Then there exist at 

most degree p different central irreducible polynomials ~b(t) such that g49 

~ ( t ) D [ t ]  and g~,~ 4~(t)D[t], for some g~,. 

PROOF. If the  l e m m a  is incorrect ,  let p be  of minimal  degree  for  which there  

exist ~1 , ' "  ", ~b, i r reducible  central  po lynomia ls  and glp E (&,), g , ~  (&,), r > 

degree  p => 1. We  divide the p roof  into two cases: 

Case 1. The re  exist y, x E D [ t ]  such that py + &,x = 1. Mult iplying on the 

left by g,, we obtain  

g, = grpy + &,g,x = &, (h,y + grx ), 

where  &,h, = g,p E (,;b,). But  g, ~ (,;b,), and we have  a contradict ion.  

Case 2. f D [ t ] = p D [ t ] + c b ,  D[t] ,  where  d e g f > 0 .  Wri te  p = f q  where  

d e g r e e q  < d e g r e e p  < r. Thus,  d e g r e e q  < r -  1. On the o the r  hand,  

g,p = (g,f)q E (4',) for  i = 1 , 2 , . . . ,  r -  1 

and,  thus, by minimal i ty  of degree  of p, we have  for  some  j, gjf  = cbju. 

But there  are central  po lynomia ls  a, b E C[t] such that  ~bja + ~b,b = 1, and by 

definit ion of f, 4', = fe for some  e ~ C[t]. H e n c e  

6~6, = gjfe = (6~u)e = chj(ue) = 6jr. 

On the other hand, 

g, = cbjag, + cb, bgj = chjagj + gj&b = ckj (agi + vb) 

because  a, b and &, are central ,  thus contradict ing gj ~ (~j). 
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REMARK. T h e  preceding  l e m m a  is readily ex tended  to any finite set of 

polynomials  p,,  • • . ,  p,. Namely ,  there  exists at most a finite n u m b e r  of  irreduc- 

ible central  po lynomia ls  & for  which there  exists g,~ satisfying g,~p~ E(&), 
g,i ~Z (&). Hence ,  there  exists a central  i r reducible  q~ such that  gp, ~ (&) for  some  

i implies that  g ~ (~0). 

This  follows f rom the fact that  there  are infinite (central)  i r reducible  polyno-  

mials ove r  any field C C_ D, of degree->_ 1. 

We  need some  pre l iminar ies  before  the next i emma.  Cons ider  the monomia l  

X ~) = X~ . . . .  XT,~_~ ' in the first n - 1 inde te rmina tes  of R = D[X~, . . . ,  X,] .  We  

order  these monomia l s :  ( v ) > ( ~ )  if the first non-zero  difference v , -  

/~ ,  • • •, v,_~ - ~,_,  is positive. Thus,  every po lynomia l  in R can be writ ten in the 

fo rm 

P °,X 

We wilI call p(~)[X,] the highest coefficient of p. 

Now,  let 0 #  L be a left ideal in R. D e n o t e  by LI~) the set of all highest 

coefficients (and 0) of the po lynomia ls  in L of degree (v). Clearly,  L(~) is a left 

ideal in the ring D [X,  ]. Fu the rmore ,  if, for  (v )  and (t t) ,  we have  z,i _-> kt~, for  all i, 

then L(o) _D Lo,). For  if p E L is of degree  (/z), then X ("~ (~)p E L and is of degree  

(v)  with the same highest coefficient. 

This last r emark  enables  us to invoke  a l e m m a  of Dix imier  [2, p. 88, 2.6.2]: Let  

N be the non-nega t ive  integers and N' the Car tes ian  produc t  of N with itself t 

t imes. N' can be part ial ly o rde red  by (n~,. • . ,  n,) > (m,,  • - . ,  m,)  if each n, > m,. 

Dix imier ' s  I e m m a  asserts  then that  any infinite subset  y ~ N' contains  an infinite 

chain under  the order .  

We  can now show 

LEMMA B.  If L is left ideal of D [ X , , . .  . X,], then the set {L(~)}, for all (v), 
contains only a finite number of different left ideals. 

PROOF. If {L(,)} is infinite, cons ider  the set (v)  U N c'- ')  of the infinite set {L(~)} 

of different  ideal. W e  thus have  an infinite subset  of N ( ' - °  and by Dix imier ' s  

result we obta in  an infinite set ascending chain under  the o rder  > .  But  this 

means  we obta in  an infinite (p roper )  ascending chain of left ideals in D[X,],  

which is impossible  since D[X,] is a principal  ideal ring. 

Of  independen t  interest  is 

LEMMA C. I fL  is a maximal left ideal o f D [ X ~ , . . . ,  X.], then L n D[X~] ~ 0 

for all k. 
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PROOF. W e  consider  the c a s e k  = n .  L e t L ~  .... . . .  . . . . .  ) , . . . , L ~ , ~ . ,  . . . . .  ~ b e t h e  

finite set of non-zero  different  left ideals p roduced  in L e m m a  B. Set 

L~.,,..~,._,) = D[X,]pi[X,]. Choose  a central ,  i r reducible po lynomia l  0 [ X , ]  in 

D[X.] which satisfies the condi t ion:  if gp~ E ( 0 )  then g ~ (0 ) .  The  po lynomia l  0 

exists by the r emark  to L e m m a  A. 

If 0 [ X . ]  E L, then the l e m m a  is p roved ;  and if 0 ( X . )  ~ L then L maximal  

implies D [X,,  • • •, X.  ] 0 ( X , )  + L = D [ X ,  • • •, X.  ]. Thus  

(*) 1 - O ( X , , ' " ,  x . )O(X . )  E L for  some  0 .  

Pick O of minimal  degree  (r , , -  • . ,  r. ,) = (r)  satisfying (*). If (r)  = 0, then the 

l e m m a  is p roved  because  O = O ( X , )  and so 1 - O ( x , ) o ( x , ) E  L fq D [ X , ] .  If 

(r)~O, q, O EL~,  where  q~ is the highest coefficient of O ( X , , . . . , X . ) ,  but 

L~,) = L~.,~, for  some  i. T h e r e f o r e  q,0 = gP~, hence  g = h(X.)O(X,)  by the way 0 

was chosen.  Now,  there  exists a P(X~, . . .  , X , ) ~  L of degree  ( r ) w i t h  highest 

coefficient p~. Hence ,  O ' =  O - hP wilt be  a po lynomia l  of degree  less than (r). 

H o w e v e r  hPO = hOP E L, and in L we have  

1-QO +hPo= I - ( Q - h P ) o =  I-Q'O. 

H e n c e  Q '  satisfies (*) and is of lower  degree  than Q - -  a contradic t ion,  and the 

l e m m a  is proved.  

We  r emark  that  we are unable  to show that  maximal  left ideals in 

D [ X , . . . , X , ]  intersect  D[X~, . . . ,Xk] ,  k < n ,  in maximal  or  even semi- 

maximal  left ideals. 

T h e  pieces are now avai lable  to  p rove  our  main result,  T h e o r e m  1. 

PROOF OF THEOREM 1. If M is a s imple D[X1, . . . ,X ,] -module  then M 

D [X ,  • •. ,  X.  ]/L, where  L is a maximal  left ideal. By L e m m a  C, L f"l D [X~ ] ~ 0, 

for all i. Let  p, (X~) E L f3 D[X~] and degree  p~ (X~) = n,. Then  M is gene ra t ed  as 

a vec tor  space  over  D by all monomia l s  X " ,  • • •, X ,  "o, mi < n~, for  all i, because  

the X, c o m m u t e .  

3. Applications to primitivity 

We begin this section by recalling a wel l -known result: If A is a central  s imple 

C - a l g e b r a  and B is a C-a lgebra ,  then the two-s ided ideals of A @cB are 

precisely A @cI, where  ! is an ideal of B. Hence ,  if B is a p r ime  ring, then 

A Q c B  is also a p r ime  ring. 

The  following propos i t ion  general izes  a basic tool in the s tudy of finite- 

d imens iona l  central  s imple  algebras.  
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PROPOSITION. If A is a central simple C-algebra, M an A-module of finite 

length and B C_ E n d a  M'is a prime C-algebra, then A @c B °p is a primitive ring. 

PROOF. Since M is a faithful A - m o d u l e  and of  finite length, we note  that M 

is also a faithful left A @cB°P-module of finite length. The  last fact is trivial and 

proof  of  the first is as follows: Let Ann  (M),  as an A @cB °P-module, be K. Then  

K = A @ I°P, I an ideal in B. Thus,  by the usual action, we have A M I  = 0 which 

forces MI = 0 - -  a contradict ion because B _C End,,  M. 

Let M = M o D  M ~ D . . . D  M , = 0  be a composi t ion series for  M as an 

A @cB°P-module .  Then  Ann(M,/M~÷I) = P, is a primitive ideal of  A (~cB  °p 

and P~ • • • P~_1 = 0. However ,  A @cB °p is pr ime so that one  of  the P must be (0) 

and the Proposi t ion is established. 

Using the Proposi t ion and T h e o r e m  1 we can now state a cri terion for the 

primitivity of D [ X , . . . ,  X,] .  

THEOREM 2. D[X~,"  ",X,] is primitive if and only if M,(D),  some n, 

contains a subfield of transcendence t over C, the center of D. 

PROOF. If M,  ( D )  contains  the function field C(X~, . . . ,  X,), where (X~) are 

algebraically independent ,  then, in the Proposi t ion,  take A = D, and /3 = 

C [ X ~ , ' " ,  X,] _C Endt,  (D ~"~) = M,  ( D )  where D ("~ is an n-d imensional  vector  

space over  D, and the primitivity of D[X~, . . .  ,X,] follows immediately.  

For  the converse,  suppose R = D [X~, . . . ,  X,] is primitive and R / L  is faithful 

and simple, then L N C [ X ~ , . . . , X , ] = O  because L cannot  contain central  

elements,  and so C[X~,. . .  ,X,] embeds  in EndR (R/L) ,  a division ring. Hence  

the rational field C ( X I , . . . , X , )  is conta ined in EndR(R/L)  which is in 

Endo(R /L )=  M, (D)  for some n, by T h e o r e m  1. 

4. The Example 

R. Resco  [3] has shown that if A is a central  simple C-a lgebra  containing the 

rational function field C ( y ,  • • •, y,), then the global d imension (right or  left) of 

the polynomials  in x~,. . . ,x , ,  t commuta t ive  indeterminates  localized at the 

central  polynomials ,  is at least t. D e n o t e  this ring by A ( X I , . . . , X , ) c ;  then 

gl. dim A (X1, • • •, X,)c  -> t. 

Let  D (") deno te  the division ring of fract ions of A, ,  the n- th  Weyl  algebra over  

a field C of  characterist ic  zero.  It is trivial that  Mm (D(")), for all m, contains  

subfields of t ranscendence  degree  at least n over  C. On  the o ther  hand, if 

M,, (D ("~) contains a subfield of t ranscendence  degree  v, we get by Resco ' s  result 

that gl. dim Mm (D("))(X,,  • • ", X~)c ~ u. However ,  
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gl. d im M,, (D~"~)(X, - - .  , X~)c = gl. d im Mr. (D¢~)(Xz, . . .  , X~)c)  

= gl. d im D¢"~(Xt, • . . ,  X~)c. 

But D ¢ " ) ( X , . . . , X ~ ) c  is a ring of fract ions of A , ( X 1 , ' " , X ~ ) c  which is 

i sqmorphic  with the n- th  Weyl  a lgebra  A ,  over  the rat ional  field C ( X , ,  • • •, X~). 

The  lat ter  has gl. d i m =  n ([4]), and thus we have  p roved  that  

v _-< gl. d im Mm (D~"))(X,, . . .  , Xv)c  <= gl. An ( C ( X , . . . ,  Xv))  = n. 

H e n c e  the maximal  v = n, i.e. the m a x i m u m  t ranscendence  degree  of a 

subfield of M,, (D ¢")) for  arbi t rary  m is n, and we have  by T h e o r e m  2 

THEOREM 3. The ring D¢n)[X1, • • . ,  X,], 1 <= t <= n is primitive, but for  t > n it is 

not primitive. 

Resco ' s  result answers  also posit ively,  for  cer tain division rings, the following 

interest ing quest ion,  in the way we have  done  for  D = Dtn~: 

Let  D be a division ring with the cen te r  C. If t is the m a x i m u m  t ranscendence  

degree  over  C of the c o m m u t a t i v e  subfields of  D, is t also the m a x i m u m  

t ranscendence  degree  of the subfields of M n ( D ) ,  for  all n?  

The  case t = 0 means  that  if D is a lgebraic  over  C, is also M n ( D )  algebraic  

over  C, which is a f amous  p rob l em for  which we have  a posi t ive answer  only for  

uncountab le  C ([1]). The  quest ion we p roposed  before  is a natural  extension of 

this p rob lem,  and it remains  open even for  uncountab le  fields C. 
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