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POLYNOMIALS OVER DIVISION RINGS

BY
S. A. AMITSUR AND LANCE W. SMALL'

ABSTRACT

Let D be a division ring with a center C, and D[X,, .-, Xy] the ring of
polynomials in N commutative indeterminates over D. The maximum number
N for which this ring of polynomials is primitive is equal to the maximal
transcendence degree over C of the commutative subfields of the matrix rings
M, (D), n =1,2,---. The ring of fractions of the Weyl algebras are examples
where this number N is finite. A tool in the proof is a non-commutative version
of one of the forms of the “Nulistellensatz”, namely, simple D[X,,- -, X..]-
modules are finite-dimensional D-spaces.

1. Introduction

Although there is a rich literature about polynomials in many (commuting)
variables over commutative fields, and the polynomial ring in one variable over
non-commutative division rings, there is relatively little known about the
polynomial ring in several variables over a non-commutative division ring. In
this paper we shall study two aspects of such polynomial rings.

First, we shall prove a ““Nullstellensatz” for these rings. That is, if D is an
arbitrary division ring then simple (one-sided) D[X,,- -, X,]-modules are
finite-dimensional vector spaces over D. Here, D[X|, - -, X, ] is the polynomial
ring in n commuting variables over D.

Second, we shall use this result to study the primitivity of these polynomial
rings. It has been known for many years that if D is a division ring containing an
element not algebraic over its center then D[X,] is primitive. Herstein, in
conversation, asked whether the primivitivity of D[X,] “forced” the primitivity
of the polynomial rings D[X,, - - -, X.]. Using a criterion for primitivity follow-
ing from the Nullstellensatz and results of Richard Resco [3], we shall construct
division rings, D%, j a positive integer, such that D[X|, - - -, X;] is primitive, but
D[X,,---,X:] is not primitive for k >j.
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Throughout this paper all rings will have unit elements, all modules will be left
modules and all one-sided conditions will be on the left. If R is a ring then C(R),
or C when there is no ambiguity, will denote the center of R. R[X,, - -+, X, ] will
be the polynomial ring in n commuting indeterminates X,, - - -, X, over R. The
left ideal generated by r R will be (r). Finally, if R is a ring, then M, (R) will
denote the n X n matrices over R.

2. The Nullstellensatz
We prove

TueoreMm 1. If D is a division ring, then simple D[X,, - -, X.]-modules are
finite-dimensional vector spaces over D.

The proof of Theorem 1 is preceded by three lemmas.

LEmMMA A. Let D be a division ring and 0 # p(t) € D{t]. Then there exist at
most degree p different central irreducible polynomials ¢(t) such that g.,p €
¢(t)D[t] and g.& ¢(t)D]t], for some g,.

Proor. If the lemma is incorrect, let p be of minimal degree for which there
exist ¢, -, ¢, irreducible central polynomials and gp € (¢:), g& (&), r>
degree p = 1. We divide the proof into two cases:

Case 1. There exist y,x € D[t] such that py + ¢.x = 1. Multiplying on the
left by g,, we obtain

g = &Py + dgx = &, (hy +gx),
where ¢.h. = gp €(¢.). But g, &€ (¢.), and we have a contradiction.

Case 2. fD[t]=pD[t]+ ¢.D[t], where degf>0. Write p =fq where
degree q < degree p <r. Thus, degree g <r — 1. On the other hand,

gp=(gflge(d) fori=12,---,r-1

and, thus, by minimality of degree of p, we have for some j, gf = du.
But there are central polynomials a, b € C[t] such that ¢,a + ¢,b =1, and by
definition of f, ¢, = fe for some e € C[t]. Hence

&b, = gife = (dju)e = ¢;(ue) = d;v.
On the other hand,
g = dag; + d.bg; = dag; + gd.b = ¢;(ag; + vb)
because a, b and ¢, are central, thus contradicting g; & ().
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RemArRk. The preceding lemma is readily extended to any finite set of
polynomials p,, - - -, p,. Namely, there exists at most a finite number of irreduc-
ible central polynomials ¢ for which there exists g satisfying gup: € (¢),
g« & (¢). Hence, there exists a central irreducible ¢ such that gp; € (¢) for some
i implies that g € (¢).

This follows from the fact that there are infinite (central) irreducible polyno-
mials over any field C C D, of degree= 1.

We need some preliminaries before the next lemma. Consider the monomial
X® = X1+ X/ in the first n — 1 indeterminates of R = D[X,, -+, X,.]. We
order these monomials: (v)>(u) if the first non-zero difference v,—
Mi1,° ", Vaoi — fn- 18 positive. Thus, every polynomial in R can be written in the
form

R[X. -, Xy, X ] = p(,,)[Xn]X(")+( )2( ) P X,
We will call p.,[X.] the highest coefficient of p.

Now, let 0# L be a left ideal in R. Denote by L, the set of all highest
coefficients (and 0) of the polynomials in L of degree (v). Clearly, L., is a left
ideal in the ring D[ X, ]. Futhermore, if, for (v) and (1 ), we have v = g, forall |,
then L,,D Ly, Forif p € L is of degree (), then X*"*)p € L and is of degree
(v) with the same highest coefficient.

This last remark enables us to invoke a lemma of Diximier [2, p. 88, 2.6.2]): Let
N be the non-negative integers and N’ the Cartesian product of N with itself ¢
times. N' can be partially ordered by (n,,- -+, n)>(my, -+, m,) if each n, > m,.
Diximier’s lemma asserts then that any infinite subset y € N' contains an infinite
chain under the order.

We can now show

Lemma B. If L is left ideal of D{X\, -+ X.], then the set {L.,}, for all (v),
contains only a finite number of different left ideals.

Proor. If {L,} is infinite, consider the set (v) & N~V of the infinite set {L,,}
of different ideal. We thus have an infinite subset of N“™" and by Diximier’s
result we obtain an infinite set ascending chain under the order >. But this
means we obtain an infinite (proper) ascending chain of left ideals in D[X., ],
which is impossible since D[X,] is a principal ideal ring.

Of independent interest is

Lemma C. IfLisamaximal leftideal of D[ X, -, X.], then L N D[X, ] #0
for all k.
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Proor. Weconsiderthecase k =n. Let L, .cc.viny "> Ly troo vy DE the
finite set of non-zero different left ideals produced in Lemma B. Set
L vmn = D[X.]pi[X.]- Choose a central, irreducible polynomial ¢[X.] in
D[X,] which satisfies the condition: if gp; € (¢) then g € (¢). The polynomial ¢
exists by the remark to Lemma A.

If $[X,] € L, then the lemma is proved; and if ¢(X,) € L then L maximal
implies D[X,,- -, X, ]¢(X,)+ L = D[X,,* -, X.]. Thus

(*) 1-0(X,, -, X)d(X)EL for some Q.

Pick Q of minimal degree (r, - - -, r._,) = (r) satisfying (). If {r) = 0, then the
lemma is proved because Q = Q(X,) and so 1 - Q(X,)¢(X.)E L N D[X.]. If
(rn)#0, q.¢ € L,, where ¢, is the highest coefficient of Q(X,, -, X.), but
L, = L.y, for some i. Therefore q.¢ = gp:, hence g = h(X..)¢(X.) by the way ¢
was chosen. Now, there exists a P(X,, -+, X,) € L of degree (r) with highest
coefficient p;. Hence, Q' = Q — hP will be a polynomial of degree less than (r).
However hP¢ = héP € L, and in L we have

1- Q¢ + hPp =1-(Q — hP)p = 1 — Q'¢.

Hence Q' satisfies (*) and is of lower degree than Q — a contradiction, and the
lemma is proved.

We remark that we are unable to show that maximal left ideals in
D[X,---,X.] intersect D[X,,---,Xi], k <n, in maximal or even semi-
maximal left ideals.

The pieces are now available to prove our main result, Theorem 1.

Proor oF THEOREM 1. If M is a simple D[X}, -+, X,]-module then M =
D[X,,---,X.]/L, where L is a maximal left ideal. By Lemma C, L N D[X;] #0,
for all i. Let p;(X:) € L N D[X:] and degree p, (X;) = n,. Then M is generated as
a vector space over D by all monomials X7, -+, X7 m; < n,, for all i, because
the Xi commute.

3. Applications to primitivity

We begin this section by recalling a well-known result: If A is a central simple
C-algebra and B is a C-algebra, then the two-sided ideals of A ®-B are
precisely A @c I, where I is an ideal of B. Hence, if B is a prime ring, then
A @cB is also a prime ring.

The following proposition generalizes a basic tool in the study of finite-
dimensional central simple algebras.
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ProposiTiON. If A is a central simple C-algebra, M an A-module of finite
length and B C Enda M'is a prime C-algebra, then A Qc B is a primitive ring.

Proor. Since M is a faithful A -module and of finite length, we note that M
is also a faithful left A Q¢ B*-module of finite length. The last fact is trivial and
proof of the first is as follows: Let Ann(M), as an A & B **-module, be K. Then
K =A QI I anideal in B. Thus, by the usual action, we have AMI = 0 which
forces MI =0 — a contradiction because B C End. M.

Let M=M,DM,D---D M =0 be a composition series for M as an
A @cB®-module. Then Ann(M;/M,.,)= P; is a primitive ideal of A QB
and P,--- P.., = 0. However, A Q¢ B is prime so that one of the P must be (0)
and the Proposition is established.

Using the Proposition and Theorem 1 we can now state a criterion for the
primitivity of D[X,, -, X.].

THEOREM 2. D[X,,: -, X.] is primitive if and only if M.(D), some n,
contains a subfield of transcendence t over C, the center of D.

Proor. If M, (D) contains the function field C(X,, - -, X.), where (X;) are
algebraically independent, then, in the Proposition, take A =D, and B =
C[X,, -+, X.]CEndp (D)= M,(D) where D™ is an n-dimensional vector
space over D, and the primitivity of D[X,, -, X,] follows immediately.

For the converse, suppose R = D[X,, -+, X,] is primitive and R/L is faithful
and simple, then L N C[X,,---,X.]=0 because L cannot contain central
elements, and so C[X,,- -, X;] embeds in Endx (R/L), a division ring. Hence
the rational field C(X,,---,X.) is contained in Endg (R/L) which is in
Endp (R/L)= M, (D) for some n, by Theorem 1.

4. The Example

R. Resco [3] has shown that if A is a central simple C-algebra containing the
rational function field C(y., - -, y.), then the global dimension (right or left) of
the polynomials in xi,---,x, t commutative indeterminates localized at the
central polynomials, is at least #. Denote this ring by A(X,, -+, X\)c; then
gl. dmA (X, -, X)c2t.

Let D denote the division ring of fractions of A,, the n-th Weyl algebra over
a field C of characteristic zero. It is trivial that M,, (D), for all m, contains
subfields of transcendence degree at least n over C. On the other hand, if
M,, (D) contains a subfield of transcendence degree v, we get by Resco’s result
that gl. dimM,.(D™)(X,, -+, X,)c Z v. However,
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gl.dim M, (D™)(X,, -+, X.)e = gl. dim M, (D(X,, - -, X.)e)
=gl.dimD"(X,, -, X.)e.

But D™(X,, -+, X.,)c is a ring of fractions of A,(X,, - -,X.)c which is
isqmorphic with the n-th Weyl algebra A, over the rational field C(X,,-- -, X,).
The latter has gl. dim = n ([4]), and thus we have proved that

v=gl.dimM, (D)X, -, X.)c S gl. A (C(X,, -+, X)) = n.

Hence the maximal v =n, i.e. the maximum transcendence degree of a
subfield of M,, (D) for arbitrary m is n, and we have by Theorem 2

THEOREM 3. Thering D™[X,, -, X,], 1 =t = nis primitive, but fort > n it is
not primitive.

Resco’s result answers also positively, for certain division rings, the following
interesting question, in the way we have done for D = D™

Let D be a division ring with the center C. If ¢ is the maximum transcendence
degree over C of the commutative subfields of D, is ¢ also the maximum
transcendence degree of the subfields of M, (D), for all n?

The case t =0 means that if D is algebraic over C, is also M, (D) algebraic
over C, which is a famous problem for which we have a positive answer only for
uncountable C ([1]). The question we proposed before is a natural extension of
this problem, and it remains open even for uncountable fields C.
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